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Groups of the Form F(nq, ..., nk) have been considered
by Bieri, Strebel, and Stein, but the metric properties
of these groups have not yet been considered.

» F(nq,...,Nny) is the group of piecewise-linear
orientation-preserving homeomorphisms of the closed unit
Interval with finitely-many breakpoints in Z[nln 21--'nk] and
slopes in the cyclic multiplicative group (ny, Ny, ..., Nk ) in
each linear piece.
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Figure: An element of F (2, 3).



Groups of the Form F(ny, ..., nk)

We consider F(ng, ..., ny ) for
> Ny, ....Ng € {2,3,4,.... },
» k €{2,3,4,...},
» We assume nq, ..., N are relatively prime
» andn; —1jn; — 1 forallj e {1,... k}.



Tree-pair diagram representatives

As in the case of F, any element of F(n4,...,nx) can be
represented using a (nq, ..., Nk )—ary tree-pair diagram:
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Figure: A (2, 3)—ary tree-pair diagram.



Composition

Composition of (nq, ..., Nk )—ary tree-pair diagrams:
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Figure: Composition of two sample elements in F (2, 3)
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Composition

Composition of (nq, ..., Nk )—ary tree-pair diagrams:
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Figure: Composition of two sample elements in F (2, 3)



Infinite Presentation (Stein) for Normal Form

The normal form uses the following presentation to allow us to
translate directly from tree-pair diagrams to algebraic
expressions of elements of F(nq, ..., nk).

Generators:

{X07X17 -, Yo,¥Y1,---, 20,21, }
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Relators:
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Finite Presentation (Stein)

Generators:

Relators:
1. XoXg = XpX3
2. X3X1 = X1X4
3. YaXg = XoY3
4. y3X1 = X1Ya
9. X1Zp = ZoX3

1.
8.
9.
10.
11.

{Xo0,X1,Y0,Y1, 20,21}

ORI

XoZ1 = Z1X4
Y1Zo = ZpY3
YoZ1 = Z1Y4
X0Z1Zp = Z£pX2X1Xgp

X142Z1 = Z1X3X2X1

where Xz = X; XXy,

Xq = X2_1X3X2, Y3 = Xl_1Y2X1,
Ya = X, 'Y3Xp, and

Zp =Y3 LY2X3Xo.



The Metric

Using the normal form, we can obtain upper and lower bounds
on the metric of F(ny, ..., ny) in terms of the number of leaves
present in the minimal tree-pair diagram representative.



The Metric

Using the normal form, we can obtain upper and lower bounds
on the metric of F(ny, ..., ny) in terms of the number of leaves
present in the minimal tree-pair diagram representative.

Theorem

For a given elementw € F(ny,...,nx), where L(w) denotes the
number of leaves in the minimal tree-pair diagram
representative of w, there exist fixed cq, Co, C3, C4 Such that

Both of these bounds are sharp.



The Metric

An example of an element with length of logarithmic order with
respect to the number of leaves Iin its minimal tree-pair diagram
representative:

N " N

Figure: Computing yj in F(2,3)
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The Metric

An example of an element with length of logarithmic order with
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Figure: Computing yj in F(2,3)
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L(yg) — 3n’ bUt |y8|{X07X1)y07y1} S n.
So the lower bound on our metric estimate is sharp.



The Metric

An example of an element with length of linear order with
respect to the number of leaves In its minimal tree-pair diagram
representative:

n+1




The Metric

An example of an element with length of linear order with
respect to the number of leaves In its minimal tree-pair diagram

representative: /\
0 N n K n+
\A ’ A
n+1 0
Lemma

If D(w ) stands for the depth of w (i.e. the maximum length from

the root vertex to any leaf vertex in the minimal tree-pair
diagram representative), then |W | x; yoy,1 = @.

1




The Metric

An example of an element with length of linear order with
respect to the number of leaves In its minimal tree-pair diagram

representative: /\
0 N n K n+
\A ’ A
n+1 0
Lemma

If D(w) stands for the depth of w (i.e. the maximum length from
the root vertex to any leaf vertex in the minimal tree-pair

diagram representative), then |W | v, yoy,3 = —5-

L(xM)—1
L(x§) = D(x§) + 1,50 "% < X8 130w yoyat < C1L(XG) + Co.

So the upper bound on our metric estimate is sharp.
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Subgroup Embeddings
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Theorem
For any n; such that there exists n; with j € {1,....k}, i # k, and
ni —1jn; — 1, F(n;) is exponentially distorted in F(nq, ..., Ng).
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Subgroup Embeddings

Theorem
For any n; such that there exists n; with j € {1,....k}, i # k, and
ni —1jn; — 1, F(n;) is exponentially distorted in F(nq, ..., Ng).

ATOREVOTAL

Let Wy =y "XoYyx . L(Wn) is of the order 3", SO |Wn|x, x,1eF (2) iS
of the order 3". But |Wn|1x, x, yoyi1eF(2,3) < 2N+ 1.
SO |Wn|{x, x,1eF (2) 9rows exponentially with respect to

’Wn ’{X07X17y07y1}€|: (273) )



Cyclic Subgroups are Quasi-isomorphically
Embedded in F(ny, ..., nk)

All cyclic subgroups (x) of F(n4, ..., ny) break down into two
cases:

X"Eny,....n) 1S quasi-isometric to L(x").

X"E(ny,...n) IS quasi-isometric to log(L(x")).



Cyclic Subgroups are Quasi-isomorphically
Embedded in F(ny, ..., nk)

Definition ((disjoint)leaf sets)
For a givenelementx = (T_,T,) € F(ny,...,nx), we let T* and
T3 denote the minimal trees that can be obtained from T_ and

T, respectively by adding carets until T* = T7.
Then the negative leaf set of x Is the set of leaf index numbers
{i|carets must be added to the leaf |; € T_ to obtain T_x}

We can similarly define the positive leaf set of x.
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Lemma
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sets, D(x"), L(x"), and |x"|, = n are all quasi-isometric.
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For x € F(ny,...,ng) and some fixed non-negative integer N, if
x" = (T_,T,) has disjoint leaf sets for all n > N, then

X"y =nand [X"|gn, ) are quasi-isometric, and both are
quasi-isometric to L(x").
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Lemma
For x € F(ny,...,ng), whenever x = (T_, T ) has disjoint leaf

sets, D(x"), L(x"), and |x"|, = n are all quasi-isometric.

Theorem
For x € F(ny,...,ng) and some fixed non-negative integer N, if

x" = (T_,T,) has disjoint leaf sets for all n > N, then
X"y =nand [X"|gn, ) are quasi-isometric, and both are
quasi-isometric to L(x").

Theorem
Forx = (T_,T.) € F(nyq,...,Nng), if the intersection of the leaf

sets of x" is nonempty for all non-negative integers n, then
X"y =nand [X"|gn, . n) are quasi-isometric, and both of
these values are quasi-isometric to log L(x").



Cyclic Subgroups are Quasi-isomorphically
Embedded in F(ny, ..., nk)

Theorem

For all x € F(n4,...,Nnx), where (x) represents the cyclic

subgroup generated by X, [X"[g(n, .. n,) IS quasi-isometric to
n = |Xn‘<x>.
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